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Abstract 
Let n(n) be the number of plane partitions of the integer n and let &n(n) be the kth backward 
difference of x(n). We study the asymptotic behavior or d’x(n) when n and k are simultaneously 
large. We obtain an asymptotic formula for this quantity when n, k-w, which is valid for all 
k=0(n2’3). We show that, asymptotically, d’s(n) is positive in a portion of the (k, n) plane and 
alternates in sign as n increases, i.e. is proportional to (- l)“, in the remaining portion. A detailed 
asymptotic formula is derived for the transition curve that separates the positive and oscillatory 
regions. To leading order this curve is given by, as k-+q 
n-:(3C)-‘l’(klog k)3’2, c= f I-“. 
,=I 
Our results are obtained by deriving a recursion equation for d%(n) and then analyzing it by 
asymptotic methods of applied mathematics, such as the WKB method and the method of matched 
asymptotic expansions. This gives an asymptotic formula for d’n(n), assuming that it has a certain 
form which is suggested by the generating function for dkn(n). Numerical comparisons illustrate the 
quality of our approximations. 
1. Introduction 
We denote by z(n) the number of plane partitions of the integer n. Definitions of 
a plane partition can be found in [lo]. It is well known [lo] that for n+oo, n(n) is 
asymptotically given by 
7c(n)-an-25/36 exp [3(2C)li3 n213], (1.1) 
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where 
c= f l-3=1(3) (1.2) 
1=1 
and a is a constant which is given in [lo]. 
Here we wish to study the differences of the plane partition function. We define the 
backward difference operator by 
drL(n)=7r(n)-7r(n-1) (1.3) 
and set 
rt(n; k)=dkn(n). (1.4) 
To examine the asymptotics of the kth difference of n(n), we note that the generating 
function for n(n) is [S] 
~$n(n,z~=~~~(I-z-)-~. (1.5) 
From (1.3)-(1.5), it follows that the generating function for n(n; k) is given by 
“@,; k)z”=(l -z)k fi (1 -z”‘-m. 
m=l 
(1.6) 
We observe that the right-hand side of (1.6) has singularities at z= 1, z = - 1 and all 
other roots of unity. Thus, the complex function (1.6) is analytic for IzI < 1, but not 
analytic at any point on the unit circle 1 z I= 1. 
To motivate our analysis, we first summarize what is known about the asymptotic 
behavior of differences of the ordinary partition function, which we denote by p(n). 
The kth backward difference of p(n) will be denoted by ~(n; k). Razen and Good [9] 
conjectured that there is an integer, call it n*(k), such that for n<n*(k), p(n; k) 
alternates in sign as n increases, while for n>n*(k), p(n; k) is nonnegative. The 
existence of n*(k) is strongly suggested by numerical evidence. Razen and Good [9] 
also conjectured that asymptotically, for k+co, n*(k)- k3/2. Further computations by 
Gaskins led Good [4] to the new conjecture that n*(k)-~k”~. Odlyzko [S] gave 
a rigorous proof of the existence of n*(k) and hence of a sharp transition from 
oscillatory to positive behavior of p(n; k). Odlyzko also obtained the asymptotic 
formula 
n*(k)-; k2(log k)2, k-co. (1.7) 
Unfortunately, the leading term in the asymptotic expansion of n*(k), as given by (1.7), 
is a very poor approximation to the exact value for moderate values of k. Indeed, (1.7) 
underestimates the exact value by a factor of about 2.5 when k = 20 and k = 30. This 
deficiency in the approximation (1.7) led Knessl and Keller [6] to obtain an improved 
asymptotic approximation to n*(k). The new approximation is obtained by solving 
a transcendental equation of the form F(n, k) = 0 (cf. [6, Result 1)). For a given k, the 
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solution of this equation is used as the approximation to n*(k). Numerical compari- 
sons in [6] show that the improved approximation agrees with the exact values of 
n*(k) to within 0.01% when k = 20 and k = 30, and gives reasonable results even when 
k is as small as 3. 
More recently, Almkvist [l] also computed an approximation to n*(k). He uses his 
previous work on exact asymptotic formulas for the coefficients of nonmodular 
functions [3], and derives a very detailed asymptotic result for p(n; k). From this, n*(k) 
is characterized as a transcendental equation involving the modified Bessel functions. 
Expanding this equation for II and k simultaneously large reproduces the WKB 
approximation of [6]. 
Here we obtain analogous results for plane partitions. From the generating func- 
tion (1.6), it is clear that as k increases the singularity at z = 1 decreases in importance 
while the one at z = - 1 increases in importance. When k = 0, the former singularity 
determines the asymptotic behavior of rc(n), as given by (1.1). For k sufficiently large, 
the singularity at z = - 1 will dominate the asymptotic behavior and rr(n; k) will have 
the form n(n; k) - (- l)nrc* (n; k), n ZP 1 where n* is strictly positive. Our goal is to find 
an asymptotic approximation to the value of k= k,,(n) where the transition from 
positive to alternating behavior occurs. In Section 2, we show that to leading order 
(1.8) 
Inverting relation (1.8) yields 
no(k)-$(3C)-“2(klogk)3’2, k+co, (1.9) 
which expresses the transition curve as a function of k. 
The leading-order results (1.8) and (1.9) can be obtained simply by differencing the 
first two terms of the analog of the Hardy-Ramanujan series for plane partitions. In 
Section 2, we also obtain a refined asymptotic approximation to n,,(k). Our final result 
(cf. Result 2.1) consists of a pair of equations F(n, k, u)= G(n, k, u)=O. For a given k, 
solving these equations numerically yields the pair (n, U) and this value of n is our 
approximation to no(k). Our results are obtained by deriving a recursion equation for 
n(n; k) and then solving this equation by asymptotic techniques of applied mathemat- 
ics such as the WKB method and the method of matched asymptotic expansions. 
A similar approach was used in [6]. In Section 3 we compare our results to the exact 
(numerical) value of no(k) and show that the agreement is very good. 
2. The WKB expansion 
By taking the logarithmic derivative of (1.6) with respect to z we obtain the 
recursion 
nrc(n; k)= -kijl z(n--i; k)+ i ‘2 m2n(n-ml; k). (2.1) 
I=lm=l 
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We first analyze the problem with k = 0 and compute an asymptotic approximation to 
A(& 0) = ?r(n). 
We write 
+r)=JJ,(u)+(- l)“P2(4+Pd& (2.2) 
where pr(n)>O corresponds to the singularity at z = 1 in (1.6), (- l)“p,(n) corresponds 
to the singularity at z= - 1 and p3(n) corresponds to all the remaining singularities. 
We assume that as n+co, p1 and p2 have expansions in the WKB form, i.e. 
pl(n)-A(n)eti(“). p2(n)--K(n)e@‘“‘. (2.3) 
Here C#J and + satisfy $(n)Blog A(n) and ~$(n)$log K(n) for nS1. Setting x(n)-pi(n) 
in (2.1) and expanding A(n -ml) and $(n-ml) in Taylor series yields 
&4(n)= f f m2e-m’ti’(n) [A(n)-mZA’(n)+ * * * ] 
I=lm=l 
x[1++m212$“(n)+ *** 1. (2.4) 
In (2.4) we have neglected erivatives of + of order 23 and those of A of order 22. 
After we compute $ and A, it will become clear that these terms are indeed negligible 
compared to those retained in (2.4). 
Let us set s=+‘(n) and assume that E< 1 as n+co. Then by the Euler-MacLaurin 
formula, 
m Co 
cc m2e-m’E=E-3 
[S 
O3 x2 
I=1 m=l 
-dw-&2+O(a3) 
o e”-1 1 
=&-3 2c-~Ez+o(E3) 
[ 1 ) (2.5) so thatthe leading-order balance as s--r0 in (2.4) is 
nA(n)-2CF3A(n) (2.6) 
and hence 
$(n) =$(2C)‘/3 n213 , (2.7) 
which is precisely the exponent in (1.1). 
The next order balance in (2.4) corresponds to terms of order O@(n)&-‘) and we 
have 
O= -&A(n)-6Cc-4A’(n)+12Cc-5$“(n)A(n), (2.8) 
which simplifies to 
A’(n) 25 1 -= _-_ 
A(n) 36n 
(2.9) 
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and thus 
A(n)=c,n-25’36, (2.10) 
where cl is a constant. The constant cl cannot be determined solely from the WKB 
expansion. In Appendix B, we determine cl by using (l.l), (1.6) and a Tauberian 
argument. 
Next, we compute an approximation to p2(n) N K(n)e@““’ which corresponds to the 
term in (2.2) which alternates in sign as n increases. We use (2.2) in (2.4), neglecting 
p3(n) completely, and balance the terms that are O(e@(“‘). This yields 
d(n)= f f m2emmt@‘Cn)( _ l)miK(n) 
I=1 m=l 
-f fl m3e-mw’(q _ l)“‘K’(n) 
I=1 m=l 
m cc 
+c Cl 2m4e-m10’(n)(_ l)m’fK(n)4ff(n)+ . . . . 
l=l m=l 
(2.11) 
getting 6 = 4’(n) G 1 and using the Euler-MacLaurin summation formula leads to 
=+-‘[j.,&dy-J;&dy]-;P+O(l), 
We observe that 
s m4.l+2r /-3=2c o ey-1 I=1 
and 
~‘1dy=2~(-l)‘+‘l-“=2C*. 
o eY+l 
I=1 
Using (2.12)-(2.14) we obtain the leading balance of the O(e@@)) terms as 
n=P(C-C”), 
so that 
c-c* 113 
d=&(n)= ~ ) ( 1 n ~(n)=;(c-C*)1~3n2/3. 
From (2.11) we obtain at O(K(n)6-’ ) the balance 
0= -AK(n)--$(C-C*)K’(n)+$(C-C*)@“(n)X(n), 
(2.12) 
(2.13) 
(2.14) 
(2.15) 
(2.16) 
(2.17) 
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which simplifies to 
K’(n) 13 
K(n) 18n 
and thus 
K(n)=c2n-‘3/‘8, 
(2.18) 
(2.19) 
where c2 is a constant which will be determined in Appendix B using a Tauberian-like 
argument. 
To summarize, we have obtained the leading-order asymptotic approximation to 
n(n) as 
71(n)- ci n-25/36 exp[$(2C)1’3n213] +~~(-l)“n-‘~~‘~exp[3(C-C*)‘~~n~~~]. (2.20) 
We comment that the expression proportional to ci in (2.20) has error terms of 
1 + O(n-#), cc>0 which are thus larger than the expression proportional to c2 as n-co. 
While we could extend our analysis to compute also these terms, they are not very 
important for studying the transition from positive to alternating behavior of 
n(n; k)=Ak7c(n). 
Almkvist [2] has recently derived a very detailed asymptotic formula for x(n). He 
computes not only the contributions from the singularities in (1.6) at z = _t 1, but also 
those from all the remaining roots of unity. Using the values of c1 and c2 in Appendix B, 
we can easily show that (2.20) is consistent with Almkvist’s results in [2]. The formula in 
[2] may be viewed as the analog of the Hardy-Ramanujan series for ordinary partitions 
and leads to very accurate numerical results for x(n). 
From (2.20), we can already obtain a crude estimate of where this transition will take 
place. Taking the kth difference of (2.20) and noting that d( - 1)” = (- l)“- 
(-l)“-‘=2(-l)“, we obtain 
xexp[$(C-C*)“3n2’3]. (2.21) 
In (2.21), we have again retained only the leading terms as n+ cc in both the positive and 
alternating parts. Now we ask when the term proportional to (- 1)” becomes larger than 
the positive term. Comparing only the exponential growth rates of the terms in (2.21), we 
obtain 
or 
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and hence 
k-q[(2c)‘.3-(c-c*)1~3,gn, n+co. 
Relation (2.22) is easily inverted to give 
n- - 0 ; 3’2~(2C)i:3_(~_~*)1!3,-3/2(,ogk)3’2. 
(2.22) 
Using identities of the Riemann zeta function, it is easy to show that C* =$ C and 
hence (2.22) and (2.23) agree precisely with (1.8) and (1.9). This derivation of (2.22) and 
(2.23) is not completely satisfactory since it is not a priori clear how large k can get before 
the form of the expansion (2.21) changes. We will shortly show that the expansion of 
rc(n; k) for n ti 1 undergoes a transition when k = 0(nzi3), where the exponential growth 
rate of ?r(n; k) becomes different from the growth rate in (2.21). Nevertheless, our crude 
derivation of the transition curve from positive to alternating behavior turns out to be 
sufficient for computing the leading term. To obtain refinements to this leading term, 
however, requires analyzing the recrusion (2.1) in which k appears as a parameter. 
Now we consider (2.1) with k>O. We again assume that rc(n; k) has the form 
0; k)-p,(n; k)+(-Q”M; k), (2.24) 
where p1 , p2 are positive and now also depend on k. We shall seek solutions in the WKB 
form 
~l(n;k)-expC~,(n)+~l(n)+11/2(n)+ . ..I. 
~2(1~;k)~expC~,(n)+~l(n)+~z(n)+ . ..I. (2.25) 
where the functions $j and +j will also depend on k, though we have suppressed this 
dependence in (2.25). The ansatz (2.25) is equivalent to (2.3) but has a slightly different 
form. The modified form (2.25) is appropriate since we will show that p1 and p2 have 
factors that grow like en”‘, other factors that grow like e”“’ and also factors with algebraic 
growth. The second set of factors did not arise when k = 0, as can be seen from (2.20). 
Using (2.25) in (2.1) we observe that if I/I = tjO + 11/I + 11/2 + . . . with $j+ 1 -+ $j as IZ+ co, 
-kf: &(n-i)-ti(n)= _k a-i+h-($;+$;)$+$g$+ . . . 1 , (2.26) i=l 
where E = $ b(n) 4 1. Similarly, we approximate the second term on the right-hand side of 
(2.1) (after dividing by eJr0+@liti2) by 
n WI 
cc 
m2e-m’“[1-mZ($;+fj;)+ ~..][1+$71~1~$~+ ...I 
l=lm=l 
++2)- ~CE-~($;+$;)+~~CE-~$;+ . . . . (2.27) 
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In view of (2.26) and (2.27) the dominant balance in (2.1) as n-+oo is given by 
k 2C 
II= --+- 
& &3 
(2.28) 
and the next two balances are 
(2.30) 
If k= O(~I’/~), which we henceforth assume, the terms in (2.28) are O(n), those in (2.29) are 
0(n213) and those in (2.30) are 0(n’i3). Before discussing the solution to (2.28) for I+&,, we 
express the solutions to (2.29) and (2.30) in terms of tic,. Differentiating (2.28) with respect 
to n and using the result in (2.29) yields 
$1(n)= -$k$b(n). (2.31) 
Note that when k = 0, we have 11/I = 0 which is consistent with the fact that (2.20) does not 
contain terms that grow like e”“‘. Now, (2.30) can be written as 
which simplifies to 
and since E = t,b b, we have 
~2(~)=~logl+G(n)l+~logIIC/b(n)l+~k(ll/b(n))2. (2.32) 
The solution to (2.28) is given by 
$o(n)=l;& k) dr, (2.33) 
where A is the unique real solution of the cubic equation n A3 + kA2 = 2C which passes 
through (2C/n)li3 when k = 0. To nondimensionahze A, we set A = n- ‘13u and hence (2.33) 
becomes 
io(n)=S~t-““u(kt-““)dt, (2.34) 
with u defined by u3 +knm213u2 =2C. I n A ppendix A, we evaluate the integral in (2.34) 
and obtain 
3Cn213 
+T, (2.35) 
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which expresses GO in terms of u. From (2.35), it follows that 
I~b(n)l’i’21~;;(n)1”2=n- 
1/36@2 
Using (2.35), (2.31), (2.32) and (2.36) in (2.25), we have now obtained the approximation to 
pl(n; k) in the form 
pl(n; k)-aI(k)U’3”2n-25’36[3u+2kn-2’3]-1’2 
u+ kn-2’3 
--u2+IClo(n) 7 
24 1 (2.37) 
where $0 is given by (2.35) and al(k) is an integration constant which arises since we have 
arbitrarily taken the lower limit on the integral in (2.33) as zero. 
To determine a,(k), we employ the principle of asymptotic matching. We require that 
when (2.37) is expanded for k n - 2’3 6 1, the result agrees with (2.21), which is certainly valid 
for k=O(l). From the definition of u, we see that for knm213 < 1, 
a,(2C)1/3-fkn-2/3+O(k2n-4/3) 
and thus (2.35) becomes 
~o(n)-:klogk-~k-~klog(2C)-jklogn+~(2C)”3n2’3. (2.38) 
Comparing the expansion of (2.37) for kn-2’3 G 1 to (2.21) determines al(k) as 
al(k)=c,31’2(2C)-7/36exp(t~-3klo~k+3klos(2C)). 
Thus, a, (k) has been determined in terms of c1 , which is a constant independent of k and 
will be computed in Appendix B. To summarize, we have now determined p1 as 
pl(n; k)- 
C1 45(2C)_7’36 u13’12 
n25/36 $GTGP 
U+knm2’3 k 3Cn213 
PU2+klogu--310gn-k+- 
24 u2 1 . (2.39) 
Next, we compute the approximation to p2(n; k). Using (2.24) in (2.1) and balancing 
terms of order eeO, we obtain equations analogous to (2.28)-(2.30). Omitting the 
details, the first three equations are 
n=$(C-C*), 6=4b(n), 
o+;(c-c*)& (2.41) 
and 
0=-k* l --,-$(c-c*)l$;+;(c-c*)c$g. 
4 
(2.42) 
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Solving these recursively we obtain 
q5&)=~(C-C*)%P, 
h(n)=- 2;lF3(c-c*)1’3 
and 
&(n)= -~logn+~(C-C*)2’3kn-2’? 
We thus have the asymptotic approximation to p2 as 
(2.43) 
(2.44) 
(2.45) 
PZ(~; k)-$$$ exp ~(c-c*)‘:‘n’:3_~(~-c*)“” 
(2.46) 
The function a,(k) is determined by asymptotic matching. Expanding (2.46) for k fixed 
and n+cO, and comparing the result to the alternating term in (2.21) gives 
a2(k)=c22k. (2.47) 
The constant c2 is evaluated in Appendix B. We have now computed the approxima- 
tion to n(n; k)-pl(n; k)+( - l)“p,(n; k) which is valid for all k = O(n213). The 
transition curve is where p1 = p2, Below we summarize our main results. 
Result 2.1. For n+co, k= O(~I~‘~), the kth difference ~(n; k) of the plane partition 
function has the asymptotic expansion 
n(n; k)wpl(n; k)+(- ~)"P,(v 4, (2.48) 
PI@; k)= 
Cl &(2C)_ 7’36 L413112 
P’36 &i-zGF= 
-k,,- 113 u+kn-2’3 k 3Cn213 
x exp 
2 
-u2+klogu-510gn-k+- 
24 u2 1 , W9 
PZ(F k)=$&eq ~(C_C*)d$C_C*)‘!9 
+i!(cc*y3 g13 , 1 
where u satisfies u3 + kn-2’3u2 = 2C, 
(2.50) 
c=p”, 
I=1 
c*=-&q~+‘i-‘+. 
I=1 
(2.5 1) 
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Furthermore, for n and k both large, 7c(n; k) is positive for n>no(k) and alternates in 
sign for n < no(k). An asymptotic approximation to n,,(k) is the solution of the system 
u3 + kne213u2 = 2C, (2.52) 
[ 0 klog f 1 
=o. (2.53) 
The constants cr, c2 are evaluated in Appendix B as 
(2.54) 
with 
d =k+&+ -f 
[ 
m+r_i_ m(m + 1) -log 1+; 
m=l 2 4 12m 2 ( )I (2.55) 
and y is Euler’s constant. 
The numerical evaluation of (2.53) can be simplified by first solving (2.52) for n as 
a function of (u, k) and then using the result in (2.53). This will transform (2.53) into 
a transcendental equation of the form f(u, k) = 0. For a given k this equation must be 
solved numerically for u and then the approximation to no can be obtained from (2.52). 
3. Numerical comparisons 
We evaluate numerically our approximation to no(k) and compare this to the exact 
value, which was obtained by analyzing the recursion (2.1) using MAPLE V. In 
Table 1 we give k; the exact value n gXA(k). the approximation from (2.52)-(2.55), which ,
Table 1 
k ngXA (k) nyKB (k) 4’ (k) 
5 20 20.325 8.014 
10 86 86.040 38.789 
15 190 190.361 90.888 
20 330 329.267 162.812 
25 500 500.085 253.426 
30 700 700.838 361.839 
35 930 929.973 487.316 
40 1186 1186.220 629.241 
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we call nrKB(k); and also the leading-order asymptotic result (1.9), which we call 
nkT(k). We have obtained numerical results for 1~ k<43 but we tabulate only every 
fifth k. The asymptotic results have been rounded to 3 decimal places. We see that 
nrKB(k) is a very accurate approximation while the leading-order esult is very poor. 
Thus, the situation is similar to that encountered when studying differences of the 
ordinary partition function (see [6,8]). Indeed, for all points in Table 1, nrKB(k) 
correctly estimates the exact value to f 1. We have found this to be true for all k 3 4 
with the exception of k= 33 where nrKB(k)=834.99974. . while nEXA(k)=836. 
Appendix A 
We evaluate the integral in (2.33). Solving for kne213 in terms of u gives 
kn-2,3_C - 
u2 --u* 
We set x = kt-2/3 in (2.33) and obtain 
(A.11 
Now we change variables from x to u in the integral in (A.2) which yields 
Finally, we set 2C - u3 = kn - 2/3 u2 in the last expression to get 
which coincides with expression (2.35). 
Appendix B 
(A.3 
(A.3) 
(A-4) 
We evaluate the constants cl, c2 which appear in our main result. Given the form of 
the expansion of n(n) (cf. (2.20)), we employ a Tauberian argument similar to that used 
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by Newman [7] in his analysis of the ordinary partition function p(n). Newman 
showed that if p(n) - Kn-‘exp(rr& ), the constant K can be evaluated by using the 
generating function for p(n). Here we evaluate the corresponding constant c1 for the 
plane partition function. Furthermore, we show that the same argument can be used 
to evaluate c2, the constant which multiplies the alternating part of the asymptotic 
expansion of n(n). 
To evaluate cl, we need the local behavior of the generating function (1.5) as zT1. 
We set z=e-’ and write 
n(l-z”)-“=exp - 2 mlog(l-2”) 
m=l [ m=l 1 co 
=exp - [c mlog(1 -emme) m=l 1 
=exp{-!_[ ~l{mlog(~)+ntlog(rns)}]~. (B.l) 
Using the Euler-MacLaurin summation formula yields 
++Nlog(EN),+;[-l- log(sN),, (B-2) 
where the error in (B.2) tends to zero as N-co. Using (B.2) in (B.l) and letting N-co 
gives 
m 
c mlog(l-e-““)- - $ [S m - WI=1 0 xlog(1 -e-“)dx+d -$logc 1 , (B.3) 
where 
A= lim 
N+‘X 
--&_iljlogN-;logN+%-$logN+ trnlogm 
m=l 
and y is Euler’s constant. Using (B.3) in (B.l) shows that as z=e-&fl, 
(B.4) 
(B-5) 
Next, we asymptotically evaluate the sum ZzZo ~(n)z” as z+l. From (2.20), we see 
that as n+co, rc(n)~~~n-~~‘~~ exp [ 3 (2C)“3 n213]. The major contribution to the sum 
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will come from the region where n is large. Thus, as E= - logz+O, 
02 co 
c c e -nE 7c(n)z”-Cl n=O n=1 n25/36exp C%W’13~2i31 
5 
cc 
-Cl x-25/36exp [ -xE+~(~C)‘~~X~‘~] dx 
0 
=& 
-3 E25/12c 
1 s m Y -y++(2C)“3y2’3 0 03.6) 
where we have set x = .se3y. The last expression in (B.6) can easily be asymptotically 
evaluated using Laplace’s method, yielding 
(B.7) 
Upon comparing (B.7) to (BS), we conclude that 
03.8) 
which is the first expression in (2.54). 
Next, we evaluate the constant c2 in (2.20) by again employing a Tauberian-like 
argument. We expand the generating function about z = - 1 by setting z = -e-’ with 
0<6$1. We have 
meI(l-z”))“=exp[- f mlog(l--(-1)“.“d)] 
m=l 
=exp - 
[i 
f 2jlog(l -em2jd)+ f (2j+ l)log(l +e-(2j+1)a) . 
j=l j=O II 
(B.9) 
By the Euler-Maclaurin formula, 
co 
c (2j+l)log[l+e- 
j=O 
(zj+ 1P1 =&Sm 
d 
ylog(l +e-Y)dy+tlog2+O(8) 
=& ~(-1)L”k-3+~~og2+0(6) 
k=l 
(B.lO) 
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The first term on the right-hand side of (B.lO) can be evaluated as in (B.l) so that as 
z-*-l, 
m 
I-I 
m=l 
(Izm)-‘~e~p[~~C-C*~]~1/6c-2A~1/12. (B.11) 
Now we compute the leading term in the asymptotic expansion of c:==, rc(n)z” that 
comes from the alternating part of n(n), as given by the second term in (2.20). Setting 
z= -ee6 , we have 
co 
~2 e c -ns n-13/1*exp[q(~-~*)'/3n2/3] 
n=O 
s 02 -C2 ~-‘~“~exp[-x6+~(2C)“~x~‘~]dx 0 
s 
m 
=c2~-3#3/6 yl3/18 exp[ d-2 (-~+2(2C)l’~ y2’j)] dy. (B.12) 
0 
Evaluating the integral by Laplace’s method and comparing the result to (B.ll) 
determines c2 as 
e-2A 
c2=_(c-c*)2192w2, 
6 
which is the second formula in (2.54). 
(B.13) 
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